Mathematica 11.3 Integration Test Results

Test results for the 109 problems in "7.2.4b (f x)*m (d+e x"2)*p (a+b
arccosh(c x))*n.m"

Problem 29: Result unnecessarily involves imaginary or complex numbers.
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Problem 30: Result unnecessarily involves imaginary or complex numbers.
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Problem 31: Result unnecessarily involves imaginary or complex numbers.
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Problem 32: Result unnecessarily involves imaginary or complex numbers.
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Problem 33: Result unnecessarily involves imaginary or complex numbers.
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Problem 34: Result unnecessarily involves imaginary or complex numbers.
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Problem 35: Result unnecessarily involves imaginary or complex numbers.
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Problem 36: Result unnecessarily involves imaginary or complex numbers.
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Ja + b ArcCosh[c x]
X

x3 (d +ex2)

Optimal (type 4, 531 leaves, 27 steps):
e eAr‘cCosh[c)ﬂ

cm_m]
.

e (a+bArcCosh[cx]) Log[1-
bcv/-1+cx V1+cx a+bArcCosh[cx]
- +

2dx 2d x2 2 d?

e eAr‘cCosh [cx]

c/-d +/ -c?d-e ]
+

e (a+bArcCosh[cx]) Log[1+

e @ArcCosMcx ]

c/-d -/ -c2d-e
+

2d2 2d2

e (a+bArcCosh[cx]) Log[1-

e (a+bArcCosh[cx]) Log[1+ Ve etnetohien
e/ =d /-2 de e (a+bArcCosh[cx]) Log[1 + @2Arccoshicx] |

+

2 d2 d2
b e PolyLOg [2, _ e eAr‘cCosh,c x] } b e Po]_yLog [2) e eAr‘cCosh[c x]
cVd -/ cde cvd[-ctde
* +
2 d2 2 d2
b e PolyLOg [2, _ e eAr‘cCosh:c x] } b e Po]_yLog [2, e eAr‘cCosh[c x]

c/-d +\/ -c2d-e

¢V @/ ctae  bePolylog[2, -e?Arccoshicx] |
+ _
2 d? 2 d? 2 d?

Result (type 4, 913 leaves):
1

4 d2? x2

-2ad-4aex’Log[x] +2aex’Log[d+ex?| +b|2d (cxx/—1+cx V1+ex —Ar‘cCosh[cx]) -2e

x* (ArcCosh[c x] (ArcCosh[cx] +2 Log [1+ g 2AncCoshicx] ] ) - PolyLog [2, - e 2Arccoshlex] ] ) +

14+ icy/d
Ve
e x? |ArcCosh[c x]? + 8 i ArcSin[ ————]
V2
(C\/?Hl\/?) Tanh[ 2 ArcCosh[cx] ]
Ar‘cTanh[ 2 ]+
V2d+e
i (—C\/?+“/c2d+e ) @-ArcCosh[c x]
2 ArcCosh[c x] Log[l— }_
Ve
1+MﬁcI i (_C\/?er) @-ArcCosh[cx]
41 ArcSin[ ————] Log[1- ]+

Vz Ve
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Ji(C\/? NE 2d+e) @ ArcCosh[cx]

2 ArcCosh[c x] Log[l +

|+

Ve
1+ if/:d i (C \H m) @-ArcCosh[cx]
41 ArcSin[ ———] Log[1+ ] -
Vz Ve
1 ( C\/?+m) g ArcCosh[cx]
2PolyLog } -
Ve

i (C \H m) @-ArcCosh[cx]

2Polylog|2, - || +ex* |ArcCosh[cx]? +

Ve
1- ic+/d
Nry (C\/F—Ji\/?) Tanh[ 2 ArcCosh[c x] |

8 i ArcSin|[ —————| ArcTanh| 2 |+

V2 Vdie

i (_C Jd + m) ©-ArcCosh[cx]
2 ArcCosh[cx] Log[1 + ] -
Ve
: / 1- cVd + m) ~ArcCosh [c x]
41 Ar‘cSin Log ] N
Ve
1 (C\/? A c2d+e ) @ ArcCosh[cx]
2 ArcCosh[c x] Log[l— ] +
Ve
[1- \ﬁ m) ©-ArcCosh(cx]

41 ArcSin Log 1 _ ] B

F Ve

i ( cvd +vVc2d+e ) -ArcCosh[c x]
2 PolyLog|2, ] -

Ve

j(C\/? N 2d+e) @-ArcCosh[cx]
Ve

2 Polylog|2,

]

Problem 37: Result unnecessarily involves imaginary or complex numbers.

a+bArcCosh[cx]
J dx

4 <d+ex2)
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Optimal (type 4, 624 leaves, 28 steps):

bcv-1+cx V1+cx a+bArcCosh[cx]

- +

6d x? 3dx3
e (a+bArcCosh[cx]) bcArcTan|[+/-1+cx V1+cx |
N _
d? x 6d

e eArcCush [cx]

c/-d -/ -c2d-e } -

32 b ArcCosh Log[1 -
bceArcTan[+/-1+cx V1+cx | e¥2 (a+bArcCosh[cx]) Log|
+

d2 2 (_d)S/Z

ArcCosh[cx]

e¥2 (a+bArcCosh[cx]) Log[1+ —L*=

c/-d -/ -c2d-e }
+

2 (_d)S/Z
e3/2 (a +bAI"CCOSh[CX}> Log[l— e eArcCoshicx] }
C\gﬂm ~
2 (_d)S/Z

e eAr‘cCosh [cx]

c/-d +\/-c2d-e } -

e¥2 (a+bArcCosh[cx]) Log[1+

2 (_d)S/Z

b e3/2 POlyLOg {2, N \/? gArcCosh(cx] ] b e3/2 PolyLog [2’ e gArcCosh(cx]

c/-d -/ -c?d-e c/=d -/ -c?d-e ]
4 _

2<—d>5/2 2(_d)5/2

b e3/2 PolyLog {2, B \/? gArcCosh(cx] ] b e3/2 Polyl_og [2) e gArcCosh(cx]

c/-d +1/ -c?d-e c/-d +1/ -c?d-e ]
+

2<—d>5/2 2(—d)5/2

Result (type 4, 972 leaves):

1 X
———— |-4ad’?+12a+/d ex?+12ae*? x> ArcTan| |+
12d5/2x3 /d

) 1

b |12+/d ex? |ArcCosh[cx] + cxArcTan]| 1+

v-1l+cx V1+cx

1
cxy/-1+cx V1+cx -2ArcCoshcx] - c® x> ArcTan] 1|+

\/—1+cx \/1+cx

2 d3/2
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31e32x3 |ArcCosh[cx]?+

Je C\/?Hi\/?) Tanh[ 2 ArcCosh[c x] |
SjArcSin[i] Ar‘cTanh[ 2 } +
N2 Vc2d+e
i (7C Jd + m) @-Arccosh[c x]
2 ArcCosh[cx] Log[1 - | -
Ve
[, ic+/d
1+ :/? i (—C\/? m) ~ArcCosh[c x]
4 i ArcSin[ ———] Log[1- |+
7 Ve
i (c\/? m) @-ArcCosh[cx]
2 ArcCosh[cx] Log[1 + |+
Ve
1+ jf/:d i (C \H m) @-ArcCosh[cx]
41 ArcSin[————] Log[1+ | -
vz Ve
i ( C\/?+\m) @ ArcCoshlcx]
2 Polylog|2 |-
Ve

i (C \/? m) ~ArcCosh[c x]

2Polylog[2, - || -31e¥2x® |ArcCosh[cx]? +

Ve
1- ic/d
Je (cx/?—im/?) Tanh[ 2 ArcCosh[c x] |
SjArcSin[i] Ar‘cTanh[ 2 } ¥
V2 VZdre
i (,c Jd + m) @-ArcCosh[cx]
2ArcCosh[cx] Log[1 + ] -
Ve
icyd
1- :/? i (—C\/? m) -ArcCosh[c x]
4 i ArcSin[ ———] Log[1+ | +

V7 Ve
i (C \/d— m) @ -ArcCosh[cx]
Ve

2 ArcCosh[c x] Log[l -

] +
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ic
1- Je i (C [d +V/c2d+e ) @-ArcCosh[cx]

4iArcSin[ —————] Log[1- e
e

2
i [~cVd «VcTdre | erecoshicn ]
Ve

] -

2Polylog|2, -

i (cx/?+“’c2d+e ) @ -ArcCosh[cx]
Ve

]

2 Polylog [2,

Problem 38: Result unnecessarily involves imaginary or complex numbers.

dx

Jx3 (a+bArcCosh[cx])

<d+ex2)2

Optimal (type 4, 562 leaves, 24 steps):
d (a+bArcCosh[cx]) (a+bArcCoshicx])?

2e2(d+ex2) 2be?

e eAr‘cCosh [cx]

bcvd V-1+c2x? Ar‘cTanh{@] (a+bArcCosh[cx]) Log[1-
Vd A -1+ x? c/-d -+ -c?*d-e
+ +

2e2\/c?d+e V-1+cx V1+cx 2e?
(a+bAr‘CCosh[c X]) LOg[1+ _\w} <a+bAr‘CCOSh[CX]> LOg[l— e @ArcCoshicx] ]
cVd [ -cde AT e
+ +
2e? 2 e2

(a+bArcCosh[cx]) Log[1+ e efrecoien | bPolylog|2, - fe efrecoien ]
c/-d +\/-c2d-e c/-d -/ -c2d-e
+ +

2e? 2e?

e eArc(josh [cx] ]

e eArcCcsh[c x] ] e eAr‘cCosh[c X]
c/-d -/ -c2d-e c/-d +1/ -c*d-e c/-d +1/ -c?d-e
+ +

2e? 2¢e? 2e?

b PolyLog [2, b Polylog [2, - b Polylog [2,

Result (type 4, 1108 leaves):

1 2ad

d ArcCosh[cx d ArcCosh[cx
+2alogld+ex?]| +b Vd [ ]+\/— [cX]

4e |drex? Va -ive x Va +iveE x

+2ArcCosh[cx]? +

Je (C\/?—Ji\/?) Tanh[ 2 ArcCosh[cx] ]
8 1 ArcSin| —— | ArcTanh 2
[ ] [

N2 Vcid+e ]+
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ic/d
1+ f/? (C\/?Hi\/?) Tanh | ArcCosh [c x] |
8 i ArcSin| ——————] ArcTanh| 2
V2 vcid+e
i (—c \/? m) @-ArcCosh[c x] ]

Ve

]+

2 ArcCosh [c x] Log[l -

1e s i [~cVd +/@dre | erecoshicn)
4 iArcSin[—————] Log[1-

vz Ve
i (—C \/F m) @-ArcCosh[cx]
Ve

|+

2 ArcCosh [c x] Log[l +

] -

ic+/d
1- :E ]'L(—C [d ++/c 2d+e) @-ArcCosh[cx]
41iArcSin| — | Log |1+ ¥
i ArcSin| | Log| ]

V2 Ve
i (C Ad o+ \m) ~ArcCosh[c x]
Ve

2 ArcCosh[c x] Log[1 -

|+

icyd
1- lf/? i (CH+*/c2d+e ) @-ArcCosh[cx]
41 ArcSin[ —————] Log[1 - ]+

V2 Ve
1 (C \/? \/m) @-ArcCosh[cx]
Ve

2 ArcCosh[cx] Log[1 +

|+

icy/d
1+ f/? i (C \/d c2d+e ) ~ArcCosh [c x]
4 i ArcSin| —mMm8M8M8M8M8@8 Log 1+ B
| | og| |

V2 Ve
e[iﬁmzﬁxfjmmm
Cm(ﬁﬂi\/?x)

V-c?d-e
Ze[ﬂ/?fjczx/?xm/mmm
o/ -cde (i e x)

i (-cVd VT dre | e Arecosnicn)
Ve

j(fc\/? m) @ ArcCoshcx]
Ve

2
ic/d Log|

ic+/d Log|

2 Polylog|2, -

} _

2 Polylog|2,

] -
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i (C\/d—+“/C2d+e ) @-ArcCosh[cx]
Ve

] -

2 Polylog|2, -

i (C\/?+q/c2d+e ) @-ArcCoshlcx]
Ve

]

2 Polylog|2,

Problem 40: Result unnecessarily involves imaginary or complex numbers.

Ja +b ArcCosh[c x]
X

x (d+ex?) 2
Optimal (type 4, 581 leaves, 29 steps):
bc+/-1+c?x? ArcTanh [@]

a+bArcCosh[c x] Vd A -14c2 X2
2d (d+ex?) 2d32+/c?d+e V/-1+cx V1+cx
e eArcCosh[ch e eArcCosh[cxj
(a+bArcCosh[cx]) Log[1- u} (a+bArcCosh[cx]) Log|1+
c/-d -/ -c?d-e c/-d -/ -c?d-e
2 d? 2d?

e eAr‘cCosh [cx]

—\w} (a+bArcCosh[cx]) Log[1+
c/-d +\/ -c?d-e C\/jer

2d? 2d?

(a+bArcCosh[cx]) Log[1-

e eAr‘c(:osh [cx]

(a+bArcCosh[cx]) Log [1 + @2ArcCoshicx] ] cv=d /-t d-e )
d? ) 2d? .

bPolyLog|2, -

e eAr‘cCosh [cx]

c/-d +\/-c2d-e ] -

e eAr‘cCcsh [cx] ]

c/-d -/ -c2d-e

b PolyLog|2, bPolylog|2, -

2 d? 2 d2
b POlyLOg [2, e eArcCosh(cx]
Cﬁ*ﬁ bPolyLog[z, _ @2 ArcCosh[cx] }
+
2d? 2 d2

Result (type 4, 1146 leaves):

a alog[x] alog[d+ex?|
+ - +
2d2+2dex? d? 2 d?
1- ic+/d
1 r/d ArcCosh[cx] ~/d ArcCosh[c x] , ] Ve
—~—b " -8 i ArcSin[ ]

4 d? Jd -ie x Jd +ie x V2

| 21
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ic/d
(cﬁfj\/?) Tanh[iAr‘cCosh[cx}] 1+ ;;
[ ]—SjArcSin[i]
Vecid+e V2
(C\/?Jrjﬁ) Tanh[iAr‘cCosh[cx}]
Ve2d+e
i (-« VTdre | esreconien

Ve

ArcTanh

ArcTanh | | +4ArcCosh[cx] Log |1+ e 2Arccoshiex] | _

2 ArcCosh[c x] Log[l -

} +

1+ j‘f/;d i (—C\/FJr\/m) @-ArcCosh[cx]

41ArcSin[T] Log[1 - e
2 e

j(_cﬁ m) ©-ArcCosh [c x]

Ve

] _

2 ArcCosh[c x] Log[l +

} +

icyd
1- xcled i (—C d +Vc?d+e ) @-ArcCosh[cx]
41 ArcSin| — | Log |1+ B
| ] Log | |

V2 Ve
i (c Vd o+ m) ~ArcCosh [c x]
Ve

2 ArcCosh[c x] Log|1 -

] -

17%\?@ i (C\/? m) @-ArcCosh[c x]
4 i ArcSin| ————] Log[1- -

v Ve
i (C \H m) @-ArcCosh[cx]
Ve

2 ArcCosh[cx] Log[1 +

] -

ic+/d
1+ Je ]i_(C\/? A/zd_*_e) ~ArcCosh[c x]
41 ArcSin[ —————] Log[1+
vz Ve
e|ive +c2/d x-i+/-c?d-e /-1+cx J1+cx
c+/-c2d-e (\/FH‘L\/FX)
V-c?2d-e
2e (7¢?71c2ﬁx+\/7c2d7e mm]
c+/ -c2d-e (J‘lx/?ﬂ/?x)
V-c?d-e

} .

2
ic+/d Log|

ic+/d Log|

]'l(fcﬁ e 2d+e) @-ArcCosh[cx]
Ve

2Polylog|2, -e 2ArcCoshiex] ], 2 polylog|2, -

|+
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i (—C W m) @-ArcCoshfcx]

Ve
1 (C \/F m) @-ArcCosh[cx]

Ve

} +

2 Polylog|2,

} +

2 Polylog [2, -

i (C\/_ */c2d+e) —ArcCosh[c x]
Ve

]

2 Polylog|2,

Problem 41: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+bArcCosh[c x]
j dx

3 (d+ex2>2

Optimal (type 4, 616 leaves, 31 steps):
bcv-1+cx V1+cx a+bArcCosh[cx] e (a+bArcCosh[cx])
N

2d?x 2d? x? 2d? <d+ex2)

e/ -1+c?x? ArcTanh| | e(a+bArcCosh[cx]) Log[1- ]
Vd A/ -1+c? x? cy/-d -+ -c?d-e
+

2d2~/c2d+e V-1+cx J1+cx d?
e eArcCosh[cxj e eAr‘cCosh[cx]
e (a+bArcCosh[cx]) Log[1+ —*;] e (a+bArcCosh[cx]) Log[1-
c+/-d -1/ -c?*d-e c+/-d ./ -c?*d-e
+
d3 d3

) Log 1+ e
cVd-/-cde  2e(a+bArcCosh[cx]) Log|1+e2ArcCoshicx] ]

d? 4
b e PolylLog [2, _ M} be PolylLog [2, o eArcCoshicx]
cVd [ cde T ae
+ v

d3 d3

e (a+bArcCosh[cx
+

e eArcCoshlcx]

ee bePolyLog[Z,

c/-d +/ -c*d-e c/-d +/ -c?d-e ] be POlyLOg[
+

d3 d3 d3

ArcCoshc x] }

b e PolylLog [2, - @2ArcCosh(cx] ]

Result (type 4, 1237 leaves):
a ae 2aelog(x] aelog|d+ex?]
- +

2d2x2 22 (d+ex?) g2 it

+
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( — — —
Zeln\/:mz\/?x—i\/fczd—e N “1iex A/ 1scx

c Log T T
ArcCosh[c x] <V -ctde {”d vive X}

1ie

*]‘L\/di*’ﬁx _c2d-e

cxv/-1+cx V1+cx -ArcCosh[cx]

b +
2 d? x? 4d>5/2

— \
2e /e ~ic2\d xi -c?d-e / -lscx /1scx J

cLog[ — ‘
i e |_ArcCoshfcx] _ cV-cde i\’dﬂ/?xJ
]i\/?+\/?x [ _c2d-e
1
4452 S
e (ArcCosh[cx] (ArcCosh[cx] +2Log[1+e 2ArcCoshiexl]) _polylog|2, —e 2Arccoshlex] )
1
—— e |ArcCosh[c x]? +
2d3
14+ ic+/d
Je (C\/?Hi\/?) Tanh | ArcCosh[c x] |
8 i ArcSin[ ——————] ArcTanh| 2 |+

V2 Veid+e
J'].(—C\/F A c 2d+e) @ -ArcCosh[cx]
Ve

2 ArcCosh [c Xx] Log[l -

icy/d
1+ fﬁ i (*C\H m) @-ArcCosh[cx]
4 i ArcSin[ ————] Log[1- ] +

V2 Ve
i (c \d o+ m) ~ArcCosh[c ]
Ve

|+

2 ArcCosh[c x] Log[1 +

1+Mfﬁd : (c\/?er) @-ArcCosh[c x]
4]‘1Ar‘c51n[7} Log[1+ ]7

V2 Ve
1 ( C \/?+\/m) @~ArcCosh[cx]
Ve -

2 PolyLog
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i (C \/d— m) @-ArcCosh[cx]

2 Polylog|2, - e |ArcCosh[cx]?+

] +

Ve 2d3
l_ﬂfgd (C\/?—jm/?) Tanh|[ 2 ArcCosh[c x] |
8 i ArcSin[ ——————] ArcTanh| 2 ]+
V2 Vc2d+e
i (—C Vd o+ m) @-ArcCosh[c x]
2 ArcCosh [c x] Log[1+ ],
Ve
l,ﬂfﬁ\;/d i (7(:( m) @-ArcCosh[cx]
4iArcSin[————] Log[1+ ] +
7z Ve
i (c Jd +V/c2d+e ) -ArcCosh [c x]
2 ArcCosh[c x] Log[1 - ]+
Ve
1,1llf/?yd i (C\/?‘F /c2d+e) @-ArcCosh[cx]
4]‘1Ar‘cSin[7} Log[lf ],
V2 Ve
i (*C\Her) @-ArcCosh[cx]

2 Polylog|2, - ]-
Ve

J'l(C\/? N 2d+e) @-ArcCosh[cx]
Ve

2 Polylog [2,

}

Problem 42: Result unnecessarily involves imaginary or complex numbers.

Jx“ (a+bArcCosh[cx]) 5
X

<d+ex2)2

Optimal (type 4, 839 leaves, 49 steps):



26 | Mathematica 11.3 Integration Test Results for 7.2.4b (f x)"m (d+e x~2)"p (a+b arccosh(c x))”n.nb

ax b+y/-1+cx V/1+cx bxArcCosh[cx] d (a+bArcCoshlcx])
— +

- +
e? ce? e? 4.e5/2 (\/—d —\/?X)
b cdArcTanh | “Lead e Jlex |
d (a+bAr‘cCosh[cx]) Jevod e vV iicx

e (Vod «Ve x) 5.\ [cVTq e Jevd «ie e

bchr‘cTanh[m Leex ] 3+/-d (a+bArcCosh[cx]) Log[l_w]
Jev=d Ve Virex cVTd e )

+
4 e>/2

24/cVd Ve e d iie e

3+/-d (a+bArcCosh[cx]) Log[1+

e eArcCosh [cx]

c/-d -/ -c?d-e ]
+

i e5/2

e eAr‘cCosh [cx]

c/=d +1/ -c?d-e ] -

3+/-d (a+bArcCosh[cx]) Log[1-

4 e5/2

e eAr‘cCosh [cx]

c/-d +\/-c2d-e ] -

3+/-d (a+bArcCosh[cx]) Log[1+

4 e5/2

3b+/-d PolylLog|2, - &= 3b+/-d Polylog|2, —&=<

[ cv-d -/ -c2d-e ] [ cv-d -/ -c2d-e ]

4 e5/2 " 4 e5/2 N
3b+/-d PolylLog|2,
V[ cde [ cVod/-cde
4 eS/Z * 4 e5/2

ArcCosh[c x] ArcCosh[c x]

e eAr‘cCosh [cx] e eAr‘cCosh [cx]

3b+/-d PolyLog|2, -

Result (type 4, 1185leaves):

1 4adve x
8ax/?x+7\/_—

8 e>/2 d+ex?

8e |- '% (1+cx)+chr~cCosh[cx1

]+b +
\H C

e X

12 a \H ArcTan [
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[Ze ive +c2+/d x-i+/-c?d-e /-1+cx \/1+cx]
c Log
ArcCosh[c x] cy/-ctd-e (Vd+ive x|
+ +
~i+d «+e x V-ctd-e
[Ze [—\E—J’L c2+/d x+/ -c?d-e /-1+cx w/1+cx)
cLog
ArcCosh c/-c2d-e [i+/d +/e x
rccoshicx] + ( ) ~-3i+/d |ArcCosh[cx]?+
ivd +vVe x V-ctd-e
ic~d
1+ Je C\/?Jrj\E)Tanh[lAr‘cCosh[cx]}
8 i ArcSin| ——————| ArcTanh| 2 |+
V2 Vcid+e
i (7(: \/? m) @-ArcCosh[cx]
2 ArcCosh[cx] Log[1 - |-
Ve
ic+/d
1+ e i (—C\/? m) @-ArcCosh[cx]
41 ArcSin[—————] Log[1- |+
Jz Ve
Ji(C\/d— N 2d+e) @-ArcCosh[cx]
2ArcCosh[cx] Log[1 + |+
Ve
ic+/d
1+ e i (C\H m) @-ArcCoshlcx]
41 ArcSin[ ———] Log[1+ ] -
Vz Ve
i [ FTre] e
2 Polylog|2 |-
Ve

i (C \d o+ m) ~ArcCosh[c x]

2PolyLog[2, - || +3i+/d |ArcCoshlcx]?

Ve
171'1c d ) 1
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Problem 43: Result unnecessarily involves imaginary or complex numbers.
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Problem 44: Result unnecessarily involves imaginary or complex numbers.
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Problem 45: Result unnecessarily involves imaginary or complex numbers.
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Problem 46: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Optimal (type 4, 737 leaves, 29 steps):



36 | Mathematica 11.3 Integration Test Results for 7.2.4b (f x)"m (d+e x~2)"p (a+b arccosh(c x))”n.nb

bcdx (1—c2x2)

d? (a+bArcCosh[cx])

+

8e? (c?d+e)V/-1+cx Vi+cx (d+ex?)

d (a+bArcCosh[cx])

(a+bArcCosh[cx])?

4¢3 (d+ex2)2

bcd V-1+c2x? Ar‘cTanh{@

Nd A/ -1+ X2 ]
+

e3 <d +ex2)

bc~/d (2c2d+e) V-1+cx? ArcTanh |

2bel

e3vVc2dre V-1+rcx V1+cx

N c2die x }
\d A -1+ x?
+

8e3 (c2d+e)3/2\/71+cx Vi1+ex

(a+bArcCosh[cx]) Log|

1 {E eArcCosh[cx] }
c/-d -1/ -c?d-e
+

e eAr‘cCcsh [cx]

c/-d -/ -c2d-e ]
+

(a+bArcCosh[cx]) Log|1+

2e3

(a+bArcCosh[cx]) Log[1-

e eArcCosh[c x]

c+/-d +1/ -c?d-e }
+

2e3

e eAr‘cCcsh [cx]

cﬁ+m]
+

(a+bArcCosh[cx]) Log|1+

2e3

e eArcCosh [cx] }

c/-d -1/ -c*d-e

bPolyLog|2, -

b PolyLog|2,

2e3

e eArcCosh [cx]

c/-d -/ -c?d-e ]
4

N
2e3

e eArcCosh [cx] }

c/-d +\/ -c2d-e

bPolyLog|2, -

b PolyLog|2,

2e3

e eArcCosh [cx]

c/-d +\/-c?d-e ]

.
2e3

Result (type 4, 1564 leaves):

ad? ad
+

2¢e3

alog[d+ex?|
+ +

4e3 (d+ex2)2 e (d+ex?)

ArcCosh[c x]

2e3

2e [i e+ x-i/—c?d-e VTIrcx vVIrcx
c+/-c2d-e (\/?Hiﬁx)

c Log

;
-ivd +Ve x

2e

V-c2d-e

e mici[d x/-cde -1ecx w/1+cx\J

cLog{

cy/ -c?d-e [j\/?*\/?x

71 /d _ ArcCosh[c x] _
i+/d +/e x

\ -c?d-e

16 e3



Mathematica 11.3 Integration Test Results for 7.2.4b (f x)"m (d+e x"~2)"p (a+b arccosh(c x))”n.nb | 37

1 d cvV-1+cx V1i+cx ArcCosh[c x]
162 | (c2d+e) (—i\/?+@x) \/?(7]1\5+\Ex)2
(c3\/? Log[4] +Log[|e~/c?d+e [-iVe -c*v/d x+~/c2d+e V-1+cx V1+cx )/
(e (mﬂ?@@)]j)/(ﬁ (c2d+e>3/2)]
1 J cvV-1+cx V1+cx ) ArcCosh[c x] )
16 e°/2 (c2d+6> (JI\H+\EX) \E(jﬁ+ﬁx)2
(c3\/? Log[4] +Log| |e~/c*d+e —ive +c2/d x++/c2d+e V-1+cx V1+cx )/
(@ (a-iv@ Ve x)]]]] / (Ve (cra-e)?]| -
4¢3
chyd
VU v \/?+]'].\/?) Tanh[%Ar‘cCosh[cx}]
ArcCosh[cx]?+81 Arc51n Ar‘cTanh ] +
Vc2d+e
J'l(—C\/F m) @-ArcCosh[c x]
2 ArcCosh[c x] Log[l— N } -
e
ic~/d
1+ N Ji(fC\/? "/C2d+e) @-ArcCosh[cx]
41 ArcSin[—————] Log[1- |+
V2 Ve
Ji(C\/F m) @-ArcCosh [ x]
2 ArcCosh[c x] Log[1+ e ] +
e
ic~/d
1+ e J'l(C\H m) @-ArcCosh[cx]
41 ArcSin[ ————] Log[1+ -
JVz Ve
1( C\/?+m) g ArcCosh[cx]
2 PolyLog|2 |-
Ve

i (¢ Tdre | e ]
N
Ve 4¢3

2Polylog|2, -




38 | Mathematica 11.3 Integration Test Results for 7.2.4b (f x)"m (d+e x~2)"p (a+b arccosh(c x))”n.nb

ic\/d
1- :/; (C\/?—Ji\/?) Tanh[%Ar‘cCosh[cx}]
ArcCosh|c x}2+8iAr‘cSin{T] ArcTanh [ |+
2 Vc2d+e

j(_c\/? m) @-ArcCosh[c x]

2 ArcCosh[c x] Log[l +

} ,

Ve
ic/d
1- f/: i (*C\/(:T*m) @-ArcCosh[cx]
4iArcSin[ ——— ] Log[1+ B
V2 Ve
i (C \/? m) ~ArcCosh[c x]
2 ArcCosh [c x] Log[l_ ] .
Ve
icyd
1- f/? i (c\/? m) @-ArcCosh[cx]
4]’1Ar‘cSin[7] Log[lf ] -
vz Ve
i (—c\/?+\/m) @-ArcCosh[cx]

2Polylog|2, - ] -
Ve

i (C \/? m) @-ArcCosh[cx]
Ve

2 Polylog [2,

]

Problem 49: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 50: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 51: Result unnecessarily involves imaginary or complex numbers.
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Optimal (type 4, 1224 leaves, 80 steps):
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Problem 52: Result unnecessarily involves imaginary or complex numbers.
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Problem 53: Result unnecessarily involves imaginary or complex numbers.

a +bArcCosh[cx]
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Optimal (type 4, 1234 leaves, 34 steps):
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V2 Ve
i (—C\/F+\/m) @-ArcCosh [c x]

2 Polylog[2, - |-
Ve

1 (C W m) @-ArcCosh[cx]
Ve

2 Polylog|2,

]

Problem 54: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

jx"‘ (d+ex2)3 (a+bArcCosh[cx]) dx
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Optimal (type 5, 518 leaves, 7 steps):
(be (3c2de (7+m)? (12+7m+m?) +3c*d? (35+12m+m?)” + e (360+342m+119m2+18m3+m4))

x2+m (1—c2x2))/(c5 <3+m)2 (5+m?2 (7+m2+/-1+cx \/1+cx)+

be? (3c2d (7+m)?+e (30+11m+m?)) x¥" (1-c?x?) be3x&m (1 - c2x?)
+ +

S (5+m2(7+m2+v/-1+cx V1l+cx c(7+m2+/-1+cx V1+cx

d®x**" (a+bArcCosh[cx]) 3d?>ex*" (a+bArcCosh[cx])
+ +
1+m 3+m
3de?x>™ (a+bArcCoshcx]) e x’*" (a+bArcCosh[cx])
+ _
5+m 7 +m

6d® (3 5 7
(b[c (3em) (5+m (7+m) +(e(2+m) (3c2de(7+m)2(12+7m+m2)+3c“d2 (35+12m+m?)?+

1+m

e2 (360+342m+119m2+18m3+m4>))/((3+m) (5+m) (7+m))

1 2+m 4+m
x*™+[1-c?x?* Hypergeometric2F1|—, s , €2 x?] J/
2 2 2

(c5 (2+m) (3+m) (5+m) (7+m) \/-1+cCx \/1+cx)

Result (type 6, 3413 leaves):

ad’x*™ 3ad’ex*" 3ade’x>" ae’x" 1 . .
+—bd*>x" (cx)

+ + +
1+m 3+m 5+m 7+m C
1 1 3 1
- 12 (cx)™ [\/—1+cx V1+cx AppellFi[ =, -m, - —, f,l—cx,f(l—cx”/
1+m 2 2 2 2
1 1 3 1 3
(6AppellF1[f, -m, - —, f,l—cx,f(l—cx)]+<—1+cx) 4mAppellF1[ =, 1-m,
2 2 2 2 2
1 5 1 3 1 5 1
-=, =, 1-cx, 7(1—cx”+AppellF1[f, -m, —, —, 1-cx, 7(1—cx” ]—
2 2 2 2 2 2 2
“licx 1 1 3 1
———— AppellF1[ =, -m, —, —,1—cx,—(1—cx)]/
1+cx 2 2 2 2
1 1 3 1 3 1
6 AppellF1[ =, -m, —, =, 1-cX, — (1-cx)]+ (-1+cx) |[4mAppellF1[=, 1-m, —,
2 2 2 2 2 2
1 3 3 5 1
—,1-cx, = (1-cx)|-AppellF1[=, -m, =, =, 1-cx, — (1-cX)] ] +
2 2 2 2 2 2
c x) " ArcCosh[c x 1 1
(cx) [cx] +—=3bd?2ex*" (cx) 2" |- 4 (cx)"
1+m C 3+m
1 1 3 1
37/-1+cx V1+cx AppellFi[=, -m, - —, —,1—cx,—(1—cx”/
2 2 2 2
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1 1 3
[6Appe11F1[—, -m, - =, —,1-cx, — (1-cx) ]|+
2 2 2 2
3 1 5
(-1+cx) |[4mAppellF1[=, 1-m, - —, =, 1-cXx, — (1-cx)]+
2 2 2 2
3 1 5 1
AppellF1[=, -m, =, =, 1-cX, — (1-cx)] ]—
2 2 2 2

-1l+cx 1 1 3 1
3 AppellF1[—, -m, —, =, 1-cX, — (1-cx)] /
l+cx 2 2 2 2

[6AppellF1[%, -m, —, 3, 1-cx, i (1—cx” +(-1+cx)

3
4mAppellF1[f, 1-m,
2

1 5 1 1
=, =, 1-cx, = (1—cx)] - AppellF1[ =, -m, =, =, 1-cX, — (l—cx)]
2 2 2 2 2

] ;

(—1+cx)3/2\/1+cx

3
5AppellF1l| =, -m, -
2

2
(30AppellF1[§, -m, 71, 5, 1-cx, 1 (1-cx)]+3(-1+cXx)
2 202 2

5 1 7 1 5 1
4mAppellFl[ =, 1-m, - =, —, 1-cX, — (1-cx)]| +AppellF1][=, -m, —,
2

2 2 2 2 2
7 1 5 1 7
—,1-cx, = (1-cx) ] ]+ (7 (-1+cx) AppellF1[ =, -m, - —, —, 1-cX,
2 2 2 2 2
1 5 1 7 1
= (1-cx)] /[7@Appe11F1[—, -m, - =, —,1-cx, — (1-cx) ]+
2 2 2 2

5(-1+cx)

7 1 9
4mAppellFl|—, 1-m, - —, —
2 2 2 2

AppellFl[Z, -m, 1, 2, 1-cx, = (1-cx)|
2 2 2

+

1
=3bde?x*M (cx) 4
c

1 1
- 12 (¢x)"/-1+cx V/1+cx AppellFl| -,
5+m 2

/

1 3 1
-m, —;, =, 1-cx, —(1—cx”

2 2
1 1 3 1 3
(6AppellF1[—, -m, - =, =, 1-cx, = (1-cx) |+ (-1+cx) [4mAppellF1][ =, 1-m,
2 2 2 2 2
1 5 1 3 1 5 1
~, =, 1-cx, = (1-cx) | +AppellF1[ =, -m, =, =, 1-cx, — (1-cx)] )7
2 2 2 2 2 2 2
-l+cx 1 1 3 1
12 (cx)™ AppellF1[ =, -m, —, —,1—cx,—(1—cx)]/
l+cx 2 2 2 2
1 1 3
(6Appe11F1[fJ -m, —, —,1-cx, (1—cx)] +
2 2

2
3 5 1
4m(—1+cx)Appe11F1[g,1—mJ ,g,l—cx,g(l—cx)]—
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3 3 5 1
(-1+cx) AppellFi[=, -m, =, —,1—cx,—(1—cx”)+
2 2 2 2
[40(cx)m<—1+cx)3/2\/1+cx AppellFl[z,—m,—l, E,l—cx,—(l—cx)]/
2 2 2 2
3 1 5 1 5
(BGAppellFl[— -m, - =, =, 1-cx, = (1-cx)|+3 (-1+cx) [4mAppellF1[ =, 1-m,
2 2 2 2 2
1 7 1 5 1 7 1
-=, =y 1-cx, = (1-cx)| +AppellF1[=, -m, =, —, 1-cXx, — (1-cXx)] )+
2 2 2 2 2 2 2
[112 (cx)’“(—1+cx)5/2\/1+cx AppellFl[E,—m,—l, Z,l—cx,l(l—cx”/
2 2 2 2
5 1 7 1 7
(70AppellF1[f -m, - =, =, 1-cx, = (1-cx)|+5(-1+cx) |4mAppellF1[—, 1-m,
2 2 2 2 2
1 9 1 7 1 9 1
-, =, 1-cx, 7(1—cx)]+AppellF1[f,—m, =, =, 1-cx, f(l—cx)] )+
2 2 2 2 2 2 2
22 7 19 1
[108 )" (-1+cx)?V1+cx AppellF1[—, -m, - —, f,l—cx,f(l—cx” /
2 2 2 2
7 1 9 1
(7 (18AppellF1[f, -m, -—, —,1-cx, — (l—cx)] +
2 2 2 2
9 1 11 1
(-1+cx) 4mAppellFl[ =, 1-m, - —, —, 1 cx,f(l—cx)}Jr
2 2 2 2
9 1 11 1
AppellFl[f, -m, —, —, 1-cx, 7(1—cx)] ])+
2 2 2 2
i o2 9 1 11 1
[44(cx) (-1+cx)”*V1+cx AppellFl[E,—m,—g, ?,1—cx,;(1—cx”/
9 1 11 1
(9 (22AppellF1[f, -m, -—, —,1-cx, — (1—cxH +(-1+cx)
2 2 2 2
11 1 13 1 11 1
4mAppellFl[~—, 1-m, - =, ~—, 1-cXx, — (1—cx)] + AppellF1[—, -m, —,
2 2 2 2 2 2
5+
E,lfcx,1<1—cx)] )J +(cx) ™ ArcCosh[c x] +1be3x6+m(cx)‘6‘"‘
2 5+m C
[ ! 12 (cx)"vV-1+cx V1+cx AppellFl[1 m,—l, i,l—cx,l(l—cx”/
7 +m 2 2 2 2
1 1 3 1 3
(GAppellFl[f -m, -—, —,1-cx, — (1—cx” +(-1+cx) 4mAppellF1[ =, 1-m,
2 2 2 2 2
1 5 1 3 1 5 1
=, =y 1-cx, = (1-cx)| +AppellF1[ =, -m, =, =, 1-cx, — (1-cx)] )—
2 2 2 2 2 2 2
-1+cx 1 1 3 1
12 (cx)™ AppellF1l[ =, -m, —, —,1—cx,—(1—cx)]/
1+cx 2 2 2 2
1 1 3 1 3 1
(GAppellFl[—, -m, =, =, 1-cx, = (1-cx)]+4m(-1+cx) AppellF1[=, 1-m, —,
2 2 2 2 2 2

5 1 3 3 5 1
—,1-cx, = (1-cx) |- (-1+cx)AppellF1[=, -m, =, =, 1-cx, — (1-cx)]||+
2 2 2 2 2 2
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,1-cx, 1 (1-cx)]

3 1 5
[60 (cx)" (-1+cx)>?V1+cx AppellFl[;, -m, 5 N

/

3 1 5 1 5
(BGAppellFl[— -m, - =, =, 1-cx, = (1-cx)|+3 (-1+cx) [4mAppellF1[ =, 1-m,
2 2 2 2 2
1 7 1 5 1 7 1
-=, =, 1-cx, = (1-cx)| +AppellF1[ =, -m, =, —, 1-cx, — (1-cXx)] )+
2 2 2 2 2 2 2
[252 (cx)m(—1+cx)5/2\/1+cx AppellFl[E,—m,—l, Z,l—cx,l(l—cx”/
2 2 2 2
5 1 7 1 7
(70Appe11F1[f -m, - =, =, 1-cx, = (1-cx)|+5(-1+cx) |4mAppellF1[—, 1-m,
2 2 2 2 2
1 9 1 7 1 9 1
-, =, 1-cx, 7(1—cx)]+AppellF1[f,—m, =, =, 1-cx, = (1-cx)] )+
2 2 2 2 2 2 2
2 7 19 1
[468 x)" (-1+cx)”?/1+cx AppellF1|—, -m, - =, =, 1-cx, — (1-cX) ]| /
2 2 2 2
7 1 9 1
(7 (18AppellF1[f,—m,—f, f,l—cx,f(l—c:x)]Jr
2 2 2 2
9 1 11 1
(-1+cx) 4mAppellFl[ =, 1-m, - —, f,l—cx,f(l—cx”Jr
2 2 2 2
9 11 1
AppellFl[ =, -m, —, f,l—cx,f(l—cx)] ])+
2 2 2 2
9 1 11 1
[484( ) (—1+cx) Vv1+cx AppellFl[; ;, ?,1 cx,£<1—cx)]/
9 1 11 1
(9 (22AppellF1[f, -m, - =, 5, 1-cx, = (1-cx) ]+
2 2 2 2
11 1 13 1
(-1+cx) 4mAppellFl[—, 1-m, -, f,l—cx,f(l—cx)]+
2 2 2 2
11 1 13 1
AppellF1[~—, -m, —, f,l—cx,f<1—cx>] )]Jr
2 2 2 2
[260(c ym (1+cx)11/2\/1+cx AppellFl[E m,—l, E,l cx,l(l—cx)]/
2 2 2 2
11 1 13 1
(11 [26Appe11F1[—, -m, - =, —,1-cx, = (1-cx) ]+
2 2 2 2
13 1 15
(-1+cx) [4mAppellFl[—, 1-m, - =, —,1-cx, — (1-cx) ]+
2 2 2 2
13 1 15 1
AppellF1[—, -m, =, —, 1-cx, — (1-cx]] )]+
2 2 2 2
[60(cx)"‘<—1+cx)13/2x/1+cx AppellFl[E, —m,—l, E,l—cx,l(l—cx”/
2 2 2 2
13 1 15
(13 {3@Appe11F1[—, -m, - =, —,1-cx, = (1-cx)]+
2 2 2
15 1 17
(-1+cx) [4mAppellF1[—,1-m, -~, —,1-cx, — (1-cx)]+
2 2 2 2
1 17 (c x)7*" ArcCosh [ c x]
AppellF1| m, =, —,1-cx, = (1-cx]] )] +
2 2 2 7+m
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Problem 55: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

Jx"‘ (d+ex2)2 (a+bArcCosh[cx]) dx

Optimal (type 5, 323 leaves, 6 steps):
be (2c2d (5+m?+e (12+7m+m?)) x> (1- 2 x?)
N

c3 (3+m)2 (5+m2+v-1+cx V1+cx
2de x> (a+bArcCosh[cx])

b e2 x4m (1— c? xz)
.

c(5+m2+/-1+cx V1+cx
e? x>™ (a+bArcCosh[cx])

+

d?x**" (a+bArcCosh[cx])
.
5+m

1+m 3+m
(b c*d? (3+m) (5+m) +e(2+m) (2c?d (5+m?2+e (12+7m+m?)) X2+mm
1+m (3+m) (5+m)
Hyper‘geometr‘icZFl[l, 2+m) 4+m) czxz}]/(c3 (2+m) (3+m) (5+m) v/-1+cx \/1+cx)
2 2 2

Result (type 6, 2064 leaves):

ad?’x™™ 2adex*" aelx>" 1 . .
+ —bd*x" (cx)

+ +

1+m 3+m 5+m C
- 12 (cx)" [\/—1+cx 1+cx AppellFl[l,—m,—l, i,l—cx,l(l—cx”/
1+m 2 2 2 2
1 1 3 1 3
(6Appe11F1[—, -my, - =, =, 1-cx, = (1-cx) |+ (-1+cx) [4mAppellF1[ =, 1-m,
2 2 2 2 2
1 5 1 3 1 5 1
-=, =, 1-cx, = (1-cx) | +AppellF1[=, -m, —, —,1—cx,—(1—cx)})]—
2 2 2 2 2 2 2
-l+cx 1 1 3 1
AppellFl[ =, -m, —, f,l—cx,f(l—cx)]/
1+cx 2 2 2 2
1 1 3 1 3
6 AppellF1[—, -m, —, =, 1-cX, — (1-cx)]+ (-1+cx) |[4mAppellF1[=, 1-m, —,
2 2 2 2 2 2
5 1 3 3 5 1
—,1-cx, = (1-cx)|-AppellF1[ =, -m, =, =, 1-cx, — (1-cX)]| ] +
2 2 2 2 2 2
1+
(c x)**™ArcCosh[c x] +12bdex2*'" (cx) 2 |- 1 4 (cx)"
1+m C 3+m
(3\/—1+cx V1+cx AppellFl[l,—m,—l, i,l—cx,l(l—cxﬂ/
2 2 2 2
1
Z (1
2( cx)]+

1 1 3
[6AppellF1[f, -m, -—, —,1-cx,
2 2 2
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(-1+cx) :

3 5 1
4mAppe11F1[;, 1-m, -=, =, 1-cx, 5 (1-cx)]+

2 2
3 1 5 1
AppellF1[ =, -m, =, =, 1-cXx, — (1-cx)] ] -
2 2 2 2
-1+cx 1 1 3 1
[3 AppellFl[ =, -m, =, =, 1-cX, — (1—cx)} /
l1+cx 2 2 2 2

1 1 3 1
[GAppellFl[—, -m, =, =, 1-cx, = (1-cx) ]+ (-1+cx)
2 2 2 2

3
4mAppellF1[ =, 1-m,
2

N |

5 1 3 3 5 1

» > 1-cx, = (1-cx)]-AppellF1|=, -m, =, =, 1-cx, — (1-cx) ]|

2 2 2 2 2 2
5
2

] ;

(—1+CX)3/2\/1+CX

3
5 AppellF1l| =, -m, -
2

w

1 5 1
(30Appe11F1[—, -m, - =, =, 1-cx, =
2

N

2 2
3(—1+CX)

4 mAppellFi|

5 1 7 1
(76AppellF1[;, -m, Sy 1-cx, N (1-cx)]+5(-1+cXx)

7 1 9 1 7 1 9
4mAppellF1[—, 1-m, - =, =, 1-cX, — (1-cx)] +AppellF1[—, -m, —, —,
2 2 2 2 2 2 2
3+m
1cx,1(1cx>})J]]+(cx) ArcCosh[c x] +lbe2x4*m(cx)’4""
2 3+m C
[— ! 12 (cx)"v/-1+cx V1+cx AppellFl[l, —m,—l, z,l—cx,l(l—cx”/
5+m 2 2 2 2
1 1 3 1 3
(GAppellFl[—, -m, - =, =, 1-cx, = (1-cx)]|+(-1+cx) [4mAppellF1]—, 1-m,
2 2 2 2 2
1 5 1 3 1 5 1
-=, =, 1-cx, = (1-cx)| +AppellF1[ =, -m, =, =, 1-cx, — (1-cx)] )—
2 2 2 2 2 2 2
-1l+cx 1 1 3 1
12 (cx)™ AppellFl[f,—m, =, f,l—cx,f(l—cx)]/
l+cx 2 2 2 2
1 1 3 1
(6AppellF1[—,—m, =, —,1—cx,—<1—cx)]+
2 2 2 2
3 1 5 1
4m(-1+cx) AppellF1[ =, 1-m, =, =, 1-cx, — (1-cx)] -
2 2 2 2

3
(-1+cx) AppellF1[—, -m,

A ,1—cx,1(1—cxH

2

> +

N W

Nw
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(40 (cx)™ (—1+cx)3/2\/1+cx AppellFl[i, -m, —1, E, 1-cx, 1 (1-cx)]
2 2 2 2

/

3 1 5 1 5
(30AppellF1[—, -m, - =, =, 1-cx, = (1-cx)|+3 (-1+cx) [4mAppellF1[ =, 1-m,
2 2 2 2 2
1 7 1 5 1 7 1
-=, =, 1-cx, = (1-cx)| +AppellF1[ =, -m, =, —, 1-cx, — (1-cXx)] )+
2 2 2 2 2 2 2
(112 (cx)m (—1+cx)5/2\/1+cx AppellFl[E, -m, —l, Z, 1-cx, = (1-cx)] /
2 2 2 2
5 1 7 7
(70AppellF1[f, -m, - =, =, 1-cx, = (1-cx)|+5(-1+cx) |4mAppellF1[—, 1-m,
2 2 2 2
1 9 1 7 1 9 1
-=, =, 1-cx, = (1-cx)| +AppellF1[—, -m, =, =, 1-cx, — (1-cx)] )+
2 2 2 2 2 2 2
(108 (cx)m (—1+cx)7/2\/1+cx AppellFl[Z, -m, —l, g, 1-cx, 1 (1—cx)] /
2 2 2 2
7 1 9 1
(7 (18Appe11F1[f, -m, -—, —,1-cx, — (1—cx>] +
2 2 2 2
9 1 11 1
(-1+cx) 4mAppellF1[ =, 1-m, - —, —, 1-cX, — (1—cx)} +
2 2 2 2
9 1 11 1
AppellFl[f, -m, =, —,1-cx, — (1—cx)] ]) +
2 2 2 2
o2 9 1 11 1
(44 (ex)™ (-1+cx)”*/1+cx AppellFl[ =, -m, - —, ——, 1-cXx, — (1—cx)] /
2 2 2 2
9 1 11 1
(9 (22AppellF1[f, -m, -—, —,1-cx, — (1—cx” +
2 2 2 2
11 1 13 1
(-1+cx) 4mAppellFl[—, 1-m, - =, ~—, 1-cXx, — (1—cx)] +
2 2 2 2
11 1 13 1 (c x)>*™ArcCosh [c x]
AppellFl[~—, -m, =, —, 1-cX, — (1—cx>] )] +
2 2 2 2 5+m

Problem 56: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

Jx’" (d+ex®) (a+bArcCosh[cx]) dx

Optimal (type 5, 178 leaves, 5steps):

bex?"+/-1+cx /1+cx dx™" (a+bArcCosh[cx]) ex*™ (a+bArcCosh[cx])
_ . . _
c(3+m)2 1+m 3+m
(b (e (1+4m) (2+m) +c*d (3+m)2) X2 A[1 - c? x? Hyper‘geometr‘icZFl[l, 2+m, 4+m’ c? x?] /
2 2 2

(¢ (1+m) (2+m) (3+m)?V-Tvcx Vivcx |

Result (type 6, 1035 leaves):

adX1+m aex3+m . i
+ +—bdx" (cx)"
1+m 3+m C
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{\/—1+cx V1+cx AppellFl[l, -m, —1, i, 1-cx, 1 (1-cx)]
2 2

/

1
- 12 (cx)"
1+m

2 2
1 1 3 1 3
[6Appe11F1[— -m, - =, =, 1-cx, = (1-cx) |+ (-1+cx) [4mAppellF1][ =, 1-m,
2 2 2 2 2
1 5 1 3 1 5 1
-=, = 1—cx,—(1—cx”+Appe11F1[—, -m, —, —, 1-cx, = (1-cx]] J—
2 2 2 2 2 2
3 1
AppellFl f, f,l—cx,f(l—cx)]/
l+cx 2 2
1 3 1 3 1
[6AppellF1 -m, =, =, 1-cx, = (1-cx) ]+ (-1+cx) (4mAppellF1[f, 1-m, —,
2 2 2 2 2 2
5 1 3 3 5 1
—,1-cx, 7(1—cx”—AppellF1[f, -m, =, =, 1-cx, *(17CX>} )J+
2 2 2 2 2 2
1+
(cx)*™ArcCosh[c x] +1bex2*m (cx)2m [ 1 4 (cx)"
1+m C 3+m
1 3 1
(3\/ 1+cx V1+cx AppellFi| mo-—, —,1-cx, — (1-cx)] /
2 2 2
1 1 3 1
[6Appe11F1[f, -my, -, —,1-cx, = (1-cx) ]+
2 2 2 2
3 1 1
(-1+cx) |[4mAppellF1[=, 1-m, - —, =, 1-cX, — (1-cx)]+
2 2 2 2
3 1 5 1
AppellFl[f,—m, =, =,1-cx, 7(1—cx)] ]—
2 2 2 2

-1+cx 1 1 3 1
3 AppellF1[ =, -m, =, =, 1-cX, — (1—cx” /
1+cx 2 2 2 2

1 1 3 1
[GAppellFl[;, -m, >y 1-cx, 5 (1-cx) ]+ (-1+cx)

3
4mAppellF1[ =, 1-m,
2

1 5 1 3 3 5 1
~, =,1-cx, = (1-cx)|-AppellF1[=, -m, =, =, 1-cx, — (1-cx)] ]+
2 2 2 2 2 2 2
(—1+cx)3/2\/1+cx 5Appe11F1[§, —m,—%, Z,l—cx,%(l—cx”/
3 1 5 1
(30Appe11F1[—, -my, - =, =, 1-cx, = (1-cx)|+3 (-1+cx)
2 2 2
5 1 7 1 5 1
4mAppellF1[ =, 1-m, - —, —, 1-cx, = (1-cx) ]| +AppellF1[ =, -m, —,
2 2 2 2 2 2
7 1 1 7
—,1-cx, = (1-cx)] ]+(7( 1+cx)AppellF1[ -m, -—, —, 1-cx,
2 2 2 2 2
1 5 1 7 1
= (1-cx) | /(70AppellF1{f, -my, - =, —,1-cx, = (1-cx) |+
2 2 2 2 2
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7 1
5(-1+cXx) 4mAppe11F1[;, 1-m, -

N | O

,1-cx,

N |

(1-cx)]+

7 1 9 1 (c x) 3™ ArcCosh[c x]
AppellF1[—, -m, =, =, 1-cx, — (1-cX)] ]] +
2 2 2 2 3+m
Problem 64: Unable to integrate problem.
(a+bArcCosh[cx])?
J dx
d+ex?
Optimal (type 4, 763 leaves, 22 steps):
(a+bArcCosh[cx])?Log[1- —* ehrecosie | (a+bArcCoshcx])®Log[1+ —'* chrecomie) ]
cvd-ctde cVd+/-ctde
- +
2+/-d e 2+/-d e
(a+bArcCosh[cx] )2 Log[1- —'¢ ghreomhiex) | (a+bArcCoshlcx] )2 Log[1+ —f¢ ghrecomhlex) ]
cv/-d +1/ -c2d-e - c/-d +/ -c?d-e -
2+/-d Ve 2+/-d e

e eAr‘cCosh[c x]

) c+/-d -+/ -c?d-e }
+

b (a+bArcCosh[cx]) PolyLog|2,

V-d Ve
ArcCosh [c x]
b (a+bArcCosh[cx]) PolylLog|2 e M
( ) [ ’ c/-d -/ -c2d-e ]
V-d Ve
ArcCosh[c x]
b (a+bArcCosh[cx]) PolyLog|2, - —fe et
( ) [ c/-d +1/ -c?d-e
4
V-d Ve
ArcCosh [c x] ArcCosh|c x]
b (a+bArcCosh[cx]) PolyLog|2 €€ b2 PolylLog|3, - &=
( ) { ’ c/=d +1/ -c?d-e ] [ ’ c/=d -/ -c*d-e }
4 _
Jd e Jd e
bz Polyl_og 3 e eAr‘cCosh[cx} b2 Polyl_og 3 B e eArcCosh[cx} bz Polyl_og 3 e eAr‘cCosh[cx}
[ ’ c/-d -/ -c?d-e ] [ ’ c/-d +/ -c?d-e } [ ’ c/-d +1/ -c?d-e
4 _
V-d e V-d e V-d e

Result (type 8, 22 leaves):

2

b ArcCosh
J(a+ rcCosh[cx]) ix

d+ex?

Problem 73: Attempted integration timed out after 120 seconds.

J L dx
(d+ex?) (a+bArcCosh[cx] )2
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Optimal (type 8, 23 leaves, 0steps):

Int[ !

, X
(d+ex?) (a+bAr‘cCosh[cx])2 )

Result (type 1, 1leaves):
?2?

Problem 74: Attempted integration timed out after 120 seconds.

1
dx
J(d+ex2)2 (a+bArcCosh[c x])2

Optimal (type 8, 23 leaves, 0 steps):

Int| !

, X
(d+ex?)? (a+bArcCosh[cx])? }

Result (type 1, 1leaves):
???

Problem 108: Attempted integration timed out after 120 seconds.

j ! dx
(d+ex?)*? (a+bArcCosh[cx])?

Optimal (type 8, 25leaves, 0 steps):
1

Int| » X]
(d+ex?)*? (a+bArcCoshicx])?

Result (type 1, 1leaves):
?2?

Problem 109: Attempted integration timed out after 120 seconds.
J 1
(d+ex?)*? (a+bArcCosh[cx])?

dx

Optimal (type 8, 25leaves, 0 steps):
1

Int| » X]
(d+ex?)*? (a+bArcCosh[cx])?

Result (type 1, 1leaves):
2?2
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Summary of Integration Test Results

109 integration problems

A - 79 optimal antiderivatives

B - 0 more than twice size of optimal antiderivatives
C - 25 unnecessarily complex antiderivatives

D - 1 unable tointegrate problems

E - 4integration timeouts



